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RATIONAL CURVES ON GENUS ONE FIBRATIONS
FABRIZIO ANELLA
Abstract. In this paper we look for necessary and sufficient condi-
tions for a genus one fibration to have rational curves. We show that a
projective variety with log terminal singularities that admits a relatively
minimal genus one fibrationX → B does contain vertical rational curves
if and only if it not isomorphic to a finite e´tale quotient of a product
B˜ × E over B. Many sufficient conditions for the existence of rational
curves in a variety that admits a genus one fibration are proved in this
paper.
Introduction
The starting point of this work has been the following folklore conjecture.
Conjecture 0.1. Every (possibly singular) Calabi–Yau variety does contain
rational curves.
This conjecture is unsolved even for smooth Calabi–Yau manifolds in
dimension three. We started studying Calabi–Yau varieties that admit a
genus one fibration and we got a positive answer in [Ane19]. At this point
it is natural to ask the following question.
Question 0.2. Under what conditions a genus one fibration does contain
rational curves?
Without asking anything on the base of the fibration, we can say some-
thing only on the rational curves that are vertical for the fibration. The
main purpose of this article is to prove the following answer to Question
0.2 that gives a complete characterization in the case of relatively minimal
genus one fibration between Q-factorial varieties.
Theorem 0.3. Let X
pi
−→ B be genus one fibration such that KX ≡num pi
∗L
for some Q-Cartier Q-divisor on B. Suppose moreover that X and B are
Q-factorial. Then X does not contain vertical rational curves if and only if
there exists a finite cover B˜ of B and a genus one curve E such that there
is a finite globally e´tale cover of X isomorphic to B˜ × E over B.
A key ingredient for the proof of this theorem is the proof of the following
theorem, that is a generalization of the main result in [Ane19] and of the
main theorem of [DFM16].
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Theorem 0.4. Let (X,∆) be a klt pair such that there exists a surjective
morphism φ : X → B to a variety of dimension n − 1. Suppose moreover
KX+∆ ≡num φ
∗L for some Q-Cartier Q-divisor L on B and the augmented
irregularity of X is zero, then there exists a subvariety of X of dimension
n− 1 covered by rational curves contracted by φ.
This theorem has some interesting consequences like the following.
Corollary 0.5. Let X be a projective variety of dimension n with at most
log terminal singularities, κ(X) = n−1 and q˜(X) = 0. Then X does contain
rational curves.
Using a very nice result of [LP18] we can do slightly better in the smooth
case.
Corollary 0.6. Let X be a smooth projective variety of dimension n ≥ 2
and q˜(X) = 0. If X is covered by genus one curves, then it contains a
rational curve.
In Section 1 we fix some notations and definitions used in the subsequent
parts. In Section 2 we discuss some properties of the augmented irregular-
ity. In Section 3 we prove Theorem 0.4. The proof is organized in several
lemmas which are of independent interest. In Section 4 we explain some
generalizations and consequences of Theorem 0.4 and we give other partial
answers to Question 0.2. An interesting generalization of Theorem 0.4 is
Theorem 4.2. There will be a more accurate analysis of Question 0.2 in the
forthcoming PhD thesis of the author.
Acknowledgements. The author warmly thanks Raffaele Carbone for the
continuous helpful discussion during the writing of this paper and Andreas
Ho¨ring for many useful comments. The author would also like to thank his
advisor, Simone Diverio, for the continuous help provided during this work.
1. Preliminaries
In this paper every variety will be an irreducible projective variety over
the complex numbers. The variety X will be always normal and of dimension
n ≥ 2. The notations and standard properties about singularities that is
used in this article can be found for example in [KM98]. For the reader’s
convenience we recall some definitions.
Definition 1.1. Let φ : X → B be a surjective morphism of normal pro-
jective varieties an D ∈ WDiv(X) be a prime Weil divisor. We say that
D is exceptional if codB(φ(D)) ≥ 2. We say that D is of insufficient fiber
type if codB(φ(D)) = 1 and there exists another prime Weil divisor D
′ 6= D
such that φ(D′) = φ(D). In either of the above cases, we say that D is
degenerate.
Definition 1.2. A morphism f : Z → Y between normal varieties is called
quasi-e´tale if f is quasi-finite and e´tale in codimension one. The augmented
irregularity of a variety Y is the following, not necessarily finite, positive
integer
q˜(Y ) := sup{q(Z) | Z → Y is a finite quasi-e´tale cover}.
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Remark 1.3. The above definition of quasi-e´tale morphism is not the same
of [Cat07].
Definition 1.4. Let f : X → Y a surjective projective morphism of normal
variety. The singular values of f is the following subset of Y
Sv(f) = {y ∈ Y | dim(f−1(y)) > dim(X) − dim(Y ) ∨ f−1(y) is singular}.
Remark 1.5. The singular values of f is the image of the singular locus of f .
For the interested reader the definition of singular locus of a morphism can be
found at the following link: http://stacks.math.columbia.edu/tag/01V5.
We do not give the definition of singular locus of a morphism because the
definition is too technical and we just need the given characterization of the
image of the singular locus.
One can associate to any elliptic curve a complex number called its j-
invariant. This association is modular, which means that a genus one fibra-
tion f : Y → B comes with a rational map j : B 99K C called j-function
that is at least defined over the smooth values of f . For some standard
facts about the j-function of an elliptic family the reference can be found
in [Kod63] or [Har10]. A brief explanation in the case of genus one fibration
can be found in [Ane19].
Definition 1.6. A variety with at most klt singularities Y (resp. a klt pair
(Y,∆)) is a Calabi–Yau variety (resp. a log Calabi–Yau) if KY ≡num 0 (resp.
KY +∆ ≡num 0) and q˜(Y ) = 0.
In some recent works on Beauville–Bogomolov decomposition (see for ex-
ample [GKP16], [HP18], [Dru18]) several definitions of Calabi–Yau varieties
appeared. In our Definition 1.6 we include also products of Calabi–Yau and
irreducible holomorphic symplectic varieties in the sense of [GKP16].
Definition 1.7. A variety with at most klt singularities Y (resp. a pair
(Y,∆)) together with a fibration Y
f
→ B is a Calabi–Yau fiber space (resp.
a log Calabi–Yau fiber space) if the generic fiber Yt of f (resp. the pairs
(Yt,∆t)) has numerically trivial canonical bundle (resp. KYt +∆t ≡num 0).
If the general fiber is a curve we are mainly interested in the case where the
boundary ∆ does not intersect the general fiber. Indeed if the intersection
is non-trivial then Y is uniruled.
Definition 1.8. An genus one fibration is a morphism pi : Y → B between
normal projective varieties with connected fibers and such that the general
fiber is a smooth genus one curve.
A particular case of Calabi–Yau fiber space is the following.
Definition 1.9. A Calabi–Yau fiber space Y
f
→ B (resp. a log Calabi–Yau
fiber space (Y,∆)
f
→ B) is called a relatively minimal (resp. log) Calabi–
Yau fiber space if KY ≡num f
∗L (KY + ∆ ≡num f
∗L) for some Q-Cartier
Q-divisor on B.
In particular when we say that genus one fibration is relatively minimal
we are saying that X has at most log terminal singularities.
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An important class of examples of Calabi–Yau fiber spaces is given by
orbibundles. We just recall the construction of orbibundles because they
are a key point in the proof of Theorem 0.4. More properties and details
can be found in the article of Kolla´r [Kol15].
Let B˜ be a normal variety, F a variety with at most klt singularities,
KF ≡num 0 and Y˜ := B˜ × F their product. Let G be a finite group and
ρB : G→ Aut(B˜), ρF : G→ Aut(F ), two faithful representations.
Definition 1.10. An orbibundle is the Calabi–Yau fiber space
(Y → B) := Y˜ /G→ B˜/G
obtaind as quotient respect the diagonal representation of G.
2. Some remarks on the augmented irregularity
It is not difficult to show that the augmented irregularity is a birational
invariant for smooth projective varieties. To show this fact we take two
smooth birational projective varieties X and X ′. We can suppose, consider-
ing a resolution of the birational map, that there is a well-defined morphism
X ′ → X. Any quasi-e´tale cover Z of X (hence globally e´tale) can be pulled
back to an e´tale cover Z ′ of X ′. These two covers are smooth and birational,
so q(Z) = q(Z ′). Since this argument works for any quasi-e´tale cover taking
the sup we get q˜(X) = q˜(X ′). However the augmented irregularity is not
a birational invariant for projective varieties with canonical singularities.
Indeed the standard construction of a Kummer surface is a counterexample.
Example 2.1. We take an elliptic curve E and then consider the quotient
X := (E × E)/± of the product of two copies of E by the involution. The
quotient map E × E → X is a quasi-e´tale cover so q˜(X) ≥ 2, moreover
by [Dru18, Remark 4.3] it holds the equality. However a minimal resolution
X˜ ofX is a K3 surface. In particular X˜ is simply connected, hence q˜(X˜) = 0.
The variety X is thus also an example of a regular variety with non trivial
augmented irregularity.
However it follows from the last part of the proof of Theorem 0.4 that
the augmented irregularity is invariant for birational morphisms that are
isomorphism in codimension one of projective varieties with at most klt
singularities.
It is natural to ask whether there exists some manageable conditions
for the vanishing of the augmented irregularity of a variety. It is easy to
check [Ane19, Remark 1.17] that a variety X, say smooth for simplicity,
with finite fundamental group has q˜(X) = 0. For varieties with numerically
trivial canonical divisor an interesting characterization is given in [GGK17,
Theorem 11.1], where the authors proved that, in this setting, q˜(X) = 0
if and only if for any k > 0 there are no non-trivial symmetric reflexive
forms, i.e. H0(X,Sym[k]Ω1X) = 0 ∀k > 0. We prove that an implication
still holds without the assumption on the canonical bundle: the following is
a sufficient condition for the vanishing of the augmented irregularity which
does not rely on computations of invariants on quasi-e´tale covers, but only
on invariants of the variety under investigation.
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Proposition 2.2. Let X be a projective variety with at most log terminal
singularities. If H0(X,Sym[k]Ω1X) = 0 for every k > 0, then q˜(X) = 0.
Let us recall that by Sym[k]Ω1X we mean the sheaf of the reflexive sym-
metric forms on X.
Proof. Suppose by contradiction that there is a quasi-e´tale cover X˜ → X
with H1(X˜,OX˜) 6= 0. The variety X˜ is klt [KM98, Proposition 5.20] and by
[GGK17, Proposition 6.9] there is a non-zero reflexive form ω ∈ H0(X˜,Ω
[1]
X˜
).
By definition the sections of a reflexive sheaf are exactly the sections on the
regular part of X. So to construct a non-zero global section of Sym[k]Ω1X
we construct an element in H0(Xreg,Sym
k Ω1Xreg). Now we consider just the
restriction to the regular locus of X:
Y := X˜ ×X Xreg → Xreg.
This is a finite e´tale cover, so we can find a further e´tale cover, finite over
the regular part Y˜ → Xreg, that is Galois. Let G be the group of deck
transformations of Y˜ over Xreg. By abuse of notations we call again ω the
pullback to Y˜ of ω. Now consider the section α˜ :=
∑
τ∈G
⊗
ρ∈G τ
∗ρ∗ω ∈
H0(Y˜ , (Ω1
Y˜
)⊗N ) where N = |G|. This section is invariant under the action of
the deck trasformations, so it descends to a section α ofH0(Xreg, (Ω
1
Xreg
)⊗N ).
By construction it is easy to check that this section is symmetric, i.e. ω
belongs to H0(Xreg,Sym
N (Ω1Xreg)). It is less trivial to prove that α˜, and
hence α, is non-zero.
For any non-zero element γ ∈ H0(Y˜ ,Ω1
Y˜
) and a generic point p ∈ Y˜ the
space Ker(γ) ⊂ TY˜ ,p is a proper subspace. Since ω 6= 0 and the elements
ρ ∈ G are automorphisms (and we are working over C), also ρ∗ω are non-
zero elements in H0(Y˜ ,Ω1
Y˜
). So for generic p ∈ Y˜ we can choose a tangent
vector
0 6= v ∈ TY˜ ,p \
⋃
ρ∈G
Ker((ρ∗ω)p).
Now we can evaluate our section α˜ at the vector v⊗N . The computations
are the following:
α˜(v⊗N ) =
∑
τ∈G
⊗
ρ∈G
τ∗ρ∗ω(v) =
∑
τ∈G
∏
ρ∈G
τ∗ρ∗ω(v) = N
∏
ρ∈G
ρ∗ω(v) 6= 0.
So we have constructed a non-zero section of H0(Xreg,Sym
N Ω1Xreg)) that
corresponds to a non-zero section of H0(X,Sym[N ]Ω1X). 
3. Proof of the main theorem
We start with a lemma that is already stated in [DFM16].
Lemma 3.1. Let X
pi
→ B be a genus one fibration. If the subvariety of the
singular values Sv(pi) ⊂ B has codimension at least two in B then the family
pi is isotrivial.
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For the proof of this result we refer to [Ane19, Lemma 1.15]
Now we study the general fibers over the singular values of an genus one
fibration.
Lemma 3.2. Let φ : X → B be a genus one fibration and Z := Sv(φ).
Suppose that codB(Z) = 1, then a general fiber over Z is mE +
∑
miRi
where E is a genus one curve and Ri are rational curves.
Proof. We can study the restriction of φ to a surface as follows. Let H be a
very ample divisor on B such that (n− 2)H +L is globally generated. The
pullback φ∗H is a globally generated Cartier divisor. Moreover there is an
isomorphism
H0(X,φ∗H) ≃ H0(B,φ∗(φ
∗H)) ≃ H0(B,H)
because φ has connected fibers. This implies that general elements in |H| are
general also in |φ∗(H)|. So we choose n− 2 general divisors D1, . . . ,Dn−2 ∈
|H| such that C := D1 ∩ . . . ∩ Dn−2 is a smooth irreducible curve in Breg
not contained in the locus of singular values of φ and S := φ−1(D1) ∩ . . . ∩
φ−1(Dn−2) is a normal surface. Looking at the Kodaira’s table [BHPVdV04,
Section V.7] it is easy to check that the singular fibers of φ|S are mE +∑
miRi where E is an elliptic curve and Ri are rational curves. The condi-
tion on the dimension of Z insures that a general point in Z lies on a curve
obtained as general intersection of hyperplane sections. 
Remark 3.3. If X contains no uniruled codimension one subvarieties but
Sv(φ) has codimension one in B, then the fibers over any general point of
Sv(φ) of dimension n− 2 is a multiple genus one curve.
Remark 3.4. It follows from Lemma 3.2 and from a result of Kawamata
[Kaw91] that a minimal genus one fibration (with at most log terminal sin-
gularities) with no uniruled codimension one subvarieties has no degenerate
divisors.
Lemma 3.2 can be seen as a soft version of Kodaira’s table in higher
dimension. With the same strategy of the proof of this lemma one can
certainly do a better classification of singular fibers. Using the techniques
of Lemma 3.2 we can control only the general singular fiber in codimension
one. Other fibers may appear in greater codimension. Now we can merge
together these lemmas and prove the following result.
Lemma 3.5. Let X
φ
→ B be a genus one fibration between normal varieties
such that X does not contain codimension one subvarieties that are uniruled.
Then the family X
φ
→ B is isotrivial.
This lemma should be compared with [LP18, Proposition 6.5] and [V+03,
Proof of Corollary 3.34].
Proof of Lemma 3.5. We can assume by Lemma 3.1 that Z := Sv(φ)) has
codimension one in B. The general fiber over Z is classified by Lemma 3.2.
Since there are no uniruled codimension one subvarieties, in the general fiber
over Z there are only multiple genus one curves.
Now we can proceed cutting with hyperplane sections as in the proof
of Lemma 3.2. In this way we get many curves C in B with only genus
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one fibers (possibly multiple) over them. Up to consider a finite possibly
ramified base change we can assume this map has a section. The j-invariant
for multiple elliptic curves is well-defined as one can easily check with a
semistable reduction. Since the curve C is complete this implies that the
j-map is constant, i.e. the family pi restricted over C is isotrivial.
For each curve C obtained in this way we get an isotrivial family. From
this fact it follows that the all the family over B is isotrivial. Let us prove
this fact by induction on the dimension of B.
There is nothing to prove if the dimension is one. By induction we can
suppose that the family is isotrivial when restricted to an ample subvariety
H ⊂ B. The fibers over curves that are general complete intersections are
pairwise isomorphic and these curves must intersect H. The union of these
curves dominates B. This implies that the family X
φ
→ B is isotrivial. 
Another way to prove this lemma is to consider the j-map directly from
B. Finally we can proceed with the proof of Theorem 0.4. For the reader’s
convenience we state again the result that we are going to prove.
Theorem 3.6. Let (X,∆)
φ
−→ B be a relatively minimal log Calabi–Yau
fiber space such that q˜(X) = 0 and dim(B) = n − 1. Then there exists a
subvariety of X of dimension n− 1 covered by rational curves contracted by
φ.
Proof. We can suppose, eventually passing to the Stein factorization, that
φ has connected fibers and B is normal.
Since KX + ∆ ≡num φ
∗L, the restriction of (KX + ∆) to a general fiber
of φ, i.e. (KX + ∆)|Xt is numerically trivial. It follows from standard
arguments that a general fiber of φ is a smooth curve contained in the
smooth locus of X, so by adjunction formula KXt ∼ KX |Xt . This implies
that KXt ≡num −∆|Xt and hence the general fiber has genus at most one.
If the genus is zero the variety X is uniruled, so we can suppose φ is a genus
one fibration. Note that even if ∆ and KX are not Q-Cartier Q-divisor their
restriction on a neighborhood of a general fiber Xt is Q-Cartier.
If the fibration is non-isotrivial then there exists a uniruled divisor inX by
Lemma 3.5. It remains to study the case φ is a genus one fibration without
exceptional divisors. Under these conditions by a result of Kolla´r [Kol15,
Theorem 44] X is birational over B to an orbibundle Xorb. By construction
the variety Xorb has no φ-exceptional divisors. Using that X and Xorb are
birational over B, both have no degenerate divisors (see Remark 3.4) and
they are relatively minimal over B, we know that X and X ′ are isomorphic
in codimension one. Indeed under these conditions the birational morphism
can’t contract any divisor over B. Since X˜ := B˜ × F → Xorb is quasi-
e´tale [Kol15, see Lemma 38] there exists an open subset X˜◦ ⊂ X˜ such that
the induced morphism X˜◦ → X is quasi-finite, e´tale and codX˜(X˜
◦) ≥ 2. By
Zariski Main Theorem a quasi-finite morphism factorizes through an open
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immersion and a finite morphism, so there exists a commutative diagram
X˜◦ //
  ❇
❇
❇
❇
❇
❇
❇
❇
Y
ψ

X
with Y projective and the morphism ψ is e´tale over the image of X˜◦. Since
ψ is finite and the complementary of the image of X˜◦ in X has codimen-
sion at least two, the morphism ψ is a quasi-e´tale cover of X. By some
basic properties of the reflexive sheaves and by [GKP16, Proposition 6.9]
the following chain of isomorphisms holds
H1(Y,OY ) ≃ H
0(Y,Ω
[1]
Y ) ≃ H
0(B˜ × F,Ω
[1]
B˜×F
) ≃
≃ H0(B˜,Ω
[1]
B˜
)⊕H0(F,Ω
[1]
F ) 6= 0.
So Y is a quasi-e´tale cover of X that has positive irregularity and this is a
contradiction. 
4. Applications and remarks
In this section we talk about some applications of Theorem 0.4. We start
noting the following fact that will be useful also in the following.
Remark 4.1. In Theorem 0.4 the condition on the augmented irregularity
is needed only to avoid the case X is isomorphic in codimension one to an
orbibundle. More precisely the hypothesis q˜(X) = 0 in Theorem 0.4 (and
also in the following corollaries) can be replaced by the following weaker
condition: X is not isomorphic in codimension one over B to a quasi-e´tale
quotient of B˜ × E for some cover B˜ → B.
The following theorem is a partial answer to Question 0.2 in the case there
are some exceptional divisors.
Theorem 4.2. Let (X,∆) be a klt pair with q˜(X) = 0 such that there exists
a surjective morphism φ : X → B to a variety of dimension n− 1. Suppose
moreover KX +∆ ≡num φ
∗L +
∑
aiEi for some Q-Cartier Q-divisor L on
B, some φ-exceptional divisor Ei and whose coefficients are not all strictly
negative. Then X does contain rational curves.
Proof. Let us start supposing that X is Q-factorial. We can write KX +
∆ ≡num φ
∗L+D −D′ with D and D′ φ-exceptional effective divisors with
no common components. If there are no exceptional divisors this is Theo-
rem 0.4. Otherwise it follows from Hodge Index Theorem that there exists
a component E of the divisor D that is covered by curves that intersect
negatively KX +∆ [Lai11, Lemma 2.9]. By Cone Theorem this implies that
there are rational curves in X.
If X is not Q-factorial, in order to apply the result of Lai, we consider a
Q-factorialization XQ → X and with the same argument we get that there
exists a divisor in XQ covered by curves that intersect negatively KXQ+∆Q.
Since a Q-factorialization is small, not all these curves can be contracted in
X. By projection formula we get curves in X with negative intersection
with KX +∆. The conclusion follows again by the Cone Theorem. 
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Remark 4.3. Up to consider the new pair KX +∆+ εEi one can prove that
there exists rational curves, provided that not every −ai is bigger than the
log-canonical threshold of Ei.
Corollary 4.4. In the setting of Theorem 4.2 with the further condition that
X is smooth in codimension two, e.g. X has terminal singularities. Then
X contains an uniruled divisor.
Proof. Since we are looking for a uniruled divisor and a Q-factorialization
is small, we can assume that X is Q-factorial. By the proof of Theorem 4.2
there exists a very ample line bundle H and an irreducible component E of
D such that E · Hn−2 · (KX + ∆) < 0. Since X is smooth in codimension
two the general complete intersection of n− 2 elements in |H| is contained
in Xreg, so the general element in E∩|H|∩ · · ·∩ |H| is a curve in the regular
part of X which intersects negatively KX +∆. So to conclude it is sufficient
to apply Bend and Break Theorem [Deb01, Theorem 3.6]. 
Returning to Question 0.2, we can give a complete answer (for vertical ra-
tional curves) in the case of a relatively minimal genus one fibration between
Q-factorial varieties.
Theorem 4.5. Let X
ψ
−→ B relatively minimal genus one fibration such that
X and B are Q-factorial. Then X does not contain vertical rational curves
if and only if there is a finite globally e´tale cover of X isomorphic to B˜×E
over B, for some cover B˜ of B.
Proof. (⇐) Suppose there is a finite cover B˜ → B such that we have the
following diagram
B˜ ×E
φ
//
pi

X
ψ

B˜ // B
where φ is finite and globally e´tale. The restriction of φ to any fiber pi−1(t)
is e´tale, so the image in X is again a genus one curve in X. Any fiber of ψ
is the image of a curve obtained in this way, so all the vertical curves have
genus one.
(⇒) Since ψ is relatively minimal the exceptional locus of ψ is covered
by rational curves contracted by ψ by [Kaw91]. So we can suppose that
the ψ is equidimensional. Moreover by Lemma 3.5 we can assume that ψ
is isotrivial. Under these conditions we can apply [Kol15, Theorem 44] and
obtain that X is isomorphic to an orbibundle. This means that there is
a finite quasi-e´tale cover B˜ × E
f
−→ X over B. This map is not globally
e´tale by assumption, so f ramifies at some point (t, z). The restriction of f
to the curve t × E is a map which ramifies from a genus one curve, so by
Riemann–Hurwitz formula the image is a rational curve. By construction
this curve is vertical for ψ. 
Remark 4.6. The implication (⇐) holds without the conditions on the reg-
ularity of X and B.
In particular an immediate consequence of this theorem is the following.
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Corollary 4.7. In the setting of Theorem 4.5, if B does contain no rational
curves, then X contains rational curves if and only if there exists no finite
e´tale cover of the form B˜ × E → X over B.
The cases that are still open of Question 0.2 (for vertical rational curves)
are the following cases where X
φ
→ B is an isotrivial fibration:
• B is not Q-factorial so to write the canonical bundle of X as the
pullback of a Q-Cartier Q-divisor on B there are some technical
problems.
• X has not log terminal singularities so we are not able to control the
exceptional divisor.
• X has log terminal singularities and KX ≡num φ
∗L+
∑
aiEi where
Ei are all the exceptional divisors, ai are strictly negative number.
Moreover we can’t expect that these coefficients are too small or the
canonical bundle can’t be nef or too big by Remark 4.3.
We stop trying to generalize Theorem 4.2 and we mention some particular
cases and prove Corollary 0.5.
Corollary 4.8. Let X be a projective variety of dimension n with at most
log terminal singularities, κ(X) = n−1 and q˜(X) = 0. Then X does contain
rational curves.
Proof. If the canonical bundle of X is not nef, then there are rational curves
in X by the cone theorem. The numerical dimension of KX is greater than
the Kodaira dimension n−1. If ν(KX) = n then the canonical bundle is big
andX is of general type, that is a contradiction. So ν(KX) = n−1 = κ(KX)
and the canonical bundle is semi-ample. In particular the Iitaka fibration
of the canonical bundle gives a genus one fibration ϕKX : X → B with
KX ∼Q ϕ
∗
KX
(H) for a Q-Cartier Q-divisor H on B. In particular we can
apply Theorem 0.4 and get the thesis. 
We state Theorem 0.4 without boundary.
Corollary 4.9. Let X → B be a relatively minimal Calabi–Yau fiber space
with dim(X) = dim(B) + 1 and q˜(X) = 0. Then there exists a subvariety
of X of codimension one covered by rational curves contracted in B.
This result is a generalization of [Ane19, Theorem 0.1]. Also for smooth
varieties this theorem improves the results of [DFM16], because we can
certainly apply Corollary 4.9 to smooth varieties with finite fundamental
group. Corollary 4.9 can be generalized in the direction of Theorem 4.2 and
we get the following statement.
Proposition 4.10. Let X
φ
−→ B be a genus one fibration with q˜(X) = 0 and
KX ≡num φ
∗L +
∑
aiEi. If we suppose that some ai is non-negative, then
X does contain a uniruled divisor.
Proof. If there are no exceptional divisors we can apply Theorem 0.4 to
conclude. Since we are looking for a uniruled divisor and a Q-factorialization
is small we can assume that X is Q-factorial. We can write KX ≡num
φ∗L+
∑
aiEi−
∑
biFi with Ei 6= Fj the exceptional divisors and with all the
coefficients non-negative. The divisor
∑
aiEi has a component E1 covered
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by curves Ct such that
∑
aiEi · Ct < 0 by [Lai11, Lemma 2.9]. Moreover
the curves Ct are complete intersections of the form E1 ∩H1 ∩ · · · ∩Hn−2
for some very ample divisors in X.
Take a terminalization X˜
ν
−→ X. The canonical bundle of this partial
resolution is KX˜ ≡num ν
∗KX −
∑
ciGi for some non negative number ci.
A component of the divisor ν∗E1 is covered by the strict transform C˜t and
satisfies
∑
aiν
∗Ei · C˜t < 0. The family of curves C˜t is not contained in the
other components of the support of KX˜ , so we have KX˜ · C˜t < 0. Since X˜ is
terminal, it is smooth in codimension 2. The curves C˜t are contained in the
intersection ν∗H1 ∩ · · · ∩ ν
∗Hn−2. The divisors ν
∗Hi are base point free, so
the general element of this family does not intersect the singular points of
X˜. This means that for a general point in ν∗E1 there is a curve contained
in the regular part of X that intersects negatively the canonical bundle KX˜ ,
hence we can apply [Deb01, Theorem 3.6] and get a family of rational curves
that covers ν∗E1. Since the image of a rational curve is again rational, this
implies that also E1 is covered by rational curves. 
For smooth varieties we can do slightly better. The key point for this
improvement is a very nice work on varieties covered by elliptic curves by
Lazic and Peternell [LP18]. For smooth varieties we can prove, using their
results, the following corollary.
Corollary 4.11. Let X be a smooth projective variety of dimension n ≥ 2
and q˜(X) = 0. If X is covered by genus one curves, then it contains a
rational curve.
Proof of Theorem 0.6. Suppose by contradiction that X does not contain
rational curves. We can apply [LP18, Theorem 6.12] and find an equidi-
mensional fiber space X → W . This fibration is relatively minimal and we
can proceed as in the proof of Theorem 0.4 and find an irregular quasi-e´tale
cover of X. 
In particular this proves the following result.
Corollary 4.12. Let X be a smooth projective variety covered by elliptic
curves but with no rational curves. Then the fundamental group of X is
infinite.
We conclude with an useful criterion to find elliptic fibration due to Ko´llar.
Theorem 4.13. Let X be a variety with at most log terminal singularities
of dimension n, nef canonical bundle and L a Cartier divisor on X. Assume
moreover
1) Ln−2 · Td2(X) > 0.
2) L is nef.
3) L− εKX is nef for 0 ≤ ε << 1.
4) Ln = 0.
5) Ln−1 6= 0 in H2n−2(X,Q).
Then X with the Iitaka fibration associated to L is a relatively minimal genus
one fibration.
This result is [Kol15, Theorem 10]. In the same article there is also a log
version of this theorem.
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Remark 4.14. In [Kol15, Theorem 10] there is the further hypothesis Ln−1 ·
KX = 0, but this condition actually follows from the others. Indeed if
L− εKX is nef then
0 ≤ (L− εKX)
n = Ln − nεLn−1 ·KX + ... = −nεL
n−1 ·KX + ...
The divisors L and KX are nef, hence L
n−1 · KX ≥ 0. It follows that
Ln−1 ·KX = 0.
It follows from Theorem 4.13 the following result.
Corollary 4.15. Let X be a variety with log terminal singularities and
q˜(X) = 0. If there exists a line bundle L on X such that the conditions from
1 to 5 of Theorem 4.13 are satisfied, then X does contain rational curves.
Let us conclude with an example of a regular threefold with a genus one
fibration with no rational curves.
Example 4.16. Consider in P3 a generic hypersurface S of degree at least
5. By [Cle86] there are no rational curves in S. There is a 2 : 1 cover
S˜ of S ramified along the intersection between S and a quadric that is
constructed as a complete intersection in P4. This cover comes with an
involution η ∈ S˜ such that S is the quotient of S˜ by this involution. Consider
the order two automorphism α of the product Y := S˜ × (C/(Z · 1 ⊕ Z · i))
defined by α(x, z) = (η(x), 1+i2 − z). The quotient of Y under this action
gives a genus one fibration X := Y/α
pi
−→ S. The quotient map Y → X is
globally e´tale, that implies that all the fibers of pi are genus one curves. The
holomorphic one forms on X are exactly the holomorphic one forms on Y
that are invariant under the action of α. Since S˜ is a complete intersection
in P4 it is regular. A one forms ω on Y can be written as pi∗β where pi
is the projection from Y to E := C/(Z · 1 ⊕ Z · i). By the choice of the
automorphism on E we see that α∗ω = −ω, hence q(X) = 0. Since all
the vertical curves have genus one and an horizontal rational curve gives a
rational curve on S, there are no rational curves on X. So this is an example
of a regular genus one fibration with no rational curves.
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